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1. Introduction
The Bockstein lemma has an important place in calculating homotopy groups. Moreover
the role of this lemma is very crucial to determine the differentials of the Bockstein spectral
sequence [2,4].
In this paper we study some variations of the Bockstein lemma where the different
situations are given. We also give some examples which reveal the usefulness of these
variations.
Consider the short exact sequence of coefficients
Z
×p→ Z→Z/(p).
Tensoring the singular chain C∗(X) of the space X to the sequence, we get the short exact
sequence of chain complexes which induces the exact couple
H∗(X;Z) ×p H∗(X;Z)
ρ
H∗(X;Z/(p))
β
,
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where ρ is induced by the reduction homomorphism and β is the Bockstein homomor-
phism in the long exact sequence. From this exact couple we get the homology Bockstein
spectral sequence {Br, dr} [1]. Then dr(x)= y means that there exists v ∈H∗(X;Z) such
that β(x) = pr−1v where y = ρ(v). Throughout this paper ρ(z) is denoted by (z)p for
convenience sake.
2. Main results
First we mention the homology version of the Bockstein lemma. The proof of it can be
found in [4]. However, there is a sign error. Here we rewrite the proof in detail correcting
the sign. For the cohomology version of this lemma we refer to [3].
Theorem 2.1. Let (E,p,B;F) be a fiber space. Let the element un+1 ∈Hn+1(B;Z/(p))
be transgressive, and suppose that for some integer i (i > 1) and some vn+1 ∈
Hn+1(F ;Z/(p)), un+1 transgresses to divn+1. Then di+1j∗(vn+1) is defined, and
moreover
p∗
(
di+1j∗(vn+1)
)=−d1un+1
with the indeterminacy d1p∗(Hn+1(E;Z/(p))) where j is the inclusion from F into E.
Proof. Since divn+1 is in the image of the transgression, there exists ζn+1 in Hn+1(E,F ;
Z/(p)) such that divn+1 = ∂∗(ζn+1) where ∂∗ is the connecting homomorphism of the pair
(E,F ), and the image of ζn+1 under p∗ is transgressive where p : (E,F )→ (B,∗). Since
divn+1 = ∂∗(ζn+1), there exist some element zn in Hn(F ;Z) such that βvn+1 = pi−1zn
and ∂∗(ζn+1) = (zn)p. Let an+1 be a relative (n + 1)-cycle such that the class of an+1,
[an+1], represents ζn+1 and bn in Cn(F ;Z) such that the class of bn represents zn. Since
j∗ :Cn(F )→ Cn(E) is a monomorphism, we consider Cn(F ) to be a subgroup of Cn(E).
From a short exact sequence of chain complexes of the form
0→C∗
(
F ;Z/(p))→C∗(E;Z/(p))→ C∗(E,F ;Z/(p))→ 0,
we have that ∂n+1(an+1) = (bn)p (reduction mod p) in Cn(E;Z/(p)). Hence in C∗(E),
∂n+1(an+1)= bn + pcn for some cn ∈Cn(E). Then
β(j∗vn+1)= j∗(βvn+1)= pi−1[bn] = pi−1
[
∂n+1(an+1)− pcn
]
.
So β(j∗vn+1)=−pi [cn] in Cn(E). That implies that di+1(j∗vn+1)=−([cn])p. From the
following diagram:
0 C∗(E,F )
×p
p#
C∗(E,F )
p#
C∗(E,F ;Z/(p))
p#
0
0 C∗(B,∗) ×p C∗(B,∗) C∗(B,∗;Z/(p)) 0
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we have that β(p∗[an+1]) = p∗([cn]). Thus d1p∗(ζn+1) = p∗(([cn])p). Since un+1
transgresses to divn+1, p∗(ζn+1 + ζ ′n+1) = un+1 for some ζ ′n+1 ∈ Hn+1(E,F ;Z/(p)).
So
p∗
(
di+1j∗(vn+1)
)=−p∗(([cn])p)=−d1p∗(ζn+1)=−d1un+1 + d1p∗(ζ ′n+1).
Hence p∗(di+1j∗(vn+1))=−d1un+1 modulo d1(imp∗). 2
Now we consider some variations of the Bockstein lemma under the different given
situations.
Theorem 2.2. Let (E,p,B;F) be a fiber space. Let yn be in Hn(F ;Z/(p)) such that
di+1yn is defined for some i > 1 and xn+1 in Hn+1(B;Z/(p)) such that d1xn+1 is non
zero. Suppose that xn+1 transgresses to yn. Then there is an element zn in Hn(E;Z/(p))
satisfying p∗(zn)= d1xn+1 such that di(zn) is defined, and
di(zn)=−j∗(di+1yn).
Proof. Since xn+1 transgresses to yn, we can choose ζn+1 in Hn+1(E,F ;Z/(p)) such
that p∗(ζn+1)= xn+1 and yn = ∂∗(ζn+1) up to the indeterminacy of a choice of ζn+1. Let
an+1 be a relative (n + 1)-cycle such that [an+1] = ζn+1 and bn in Cn(F ;Z/(p)) such
that [bn] = yn. Since di+1yn is defined, there exists an element vn−1 ∈ Hn−1(F ;Z) such
that β(yn)= pivn−1 and di+1yn is (vn−1)p . Let cn−1 be the element in Cn−1(F ) such that
[cn−1] = vn−1, that is, di+1yn = ([cn−1])p.
Now we consider a short exact sequence of chain complexes of the form
0→C∗(F ) ×p−→C∗(F )→C∗
(
F ;Z/(p))→ 0.
Since β([bn])= pi [cn−1], we have that ∂n(bn)= pi+1cn−1 in Cn−1(F ). Consider a short
exact sequence of chain complexes of the form
0→C∗
(
F ;Z/(p))→C∗(E;Z/(p))→ C∗(E,F ;Z/(p))→ 0.
Since ∂∗(ζn+1) = yn, we have that ∂n+1(an+1) = bn in Cn(E;Z/(p)) where we still use
an+1 in Cn+1(E;Z/(p)). So in Cn(E), ∂n+1(an+1) = bn + pwn for some wn ∈ Cn(E).
Then it follows that ∂n(wn) is in Cn−1(F ). Now ∂n(∂n+1(an+1) − pwn) = ∂n(bn) =
pi+1cn−1, that is, ∂n(wn)=−picn−1.
From the commutative diagram of chain complexes by the reduction homomorphism, it
follows that (wn)p is a cycle. So we get that β(([wn])p)=−pi−1[cn−1] and di(([wn])p)=
−([cn−1])p.
We have a short exact sequence of chain complexes,
0→C∗(E,F ) ×p−→C∗(E,F )→C∗
(
E,F ;Z/(p))→ 0.
Since ∂n+1(an+1) = bn + pwn in Cn(E) and ∂n(wn) is in Cn−1(F ), we have that
β([an+1]) = [wn] in Hn(E,F ;Z). Since p∗(ζn+1) = xn+1, we have that p∗([wn]) =
p∗(β(ζn+1))= β(xn+1). Hence d1(xn+1)= p∗(([wn])p).
220 Y. Choi / Topology and its Applications 106 (2000) 217–224
From the following commutative diagram
Hn(E;Z/(p))
p∗
Hn(E,F ;Z/(p))
p∗
Hn(B;Z/(p)) Hn(B,∗;Z/(p))
we have that d1(xn+1) = p∗(([wn])p) in Hn(B;Z/(p)). So we get that di(([wn])p) =
−([cn−1])p =−j∗(di+1yn) where p∗(([wn])p)= d1(xn+1).
Since we have the indeterminacy of a choice of ζn+1, that is, p∗(ζn+1 + ζ ′n+1)= xn+1
for some ζ ′n+1 in Hn+1(E,F ;Z/(p)), p∗(βζn+1+βζ ′n+1)= βxn+1. So the indeterminacy
arises from a choice of an element in p−1∗ (d1xn+1). So we get the conclusion. 2
For (n+ 1)-fold loop spaces, there are homology operations
Qi :Hq
(
Ωn+1X;Z/(2))−→H2q+i(Ωn+1X;Z/(2))
defined for 06 i 6 n which is natural for (n+ 1)-fold loop spaces.
If G is a Lie group, G is homotopy equivalent to ΩBG. Hence Q3 is defined in
H∗(Ω3G;Z/(2)). Now we give an example in which we can apply above theorem.
Example 2.3. Consider the Serre spectral sequence for the following fibration:
Ω30SU(3)→Ω30G2→Ω3S6,
where G2 is the exceptional Lie group with
H ∗
(
G2;Z/(2)
)=Z/(2)[x3]/(x3)4 ⊗E(Sq2x3).
The subscript of an element always means the degree of an element. It is well known that
H∗
(
Ω3S6;Z/(2))=Z/(2)[Qa1Qb2ι3: a > 0, b > 0].
Computing the Serre spectral sequence for the fibration,
Ω30SU(2)→Ω30SU(3)→Ω3S5
and exploiting the Bockstein lemma, we can get the following facts [4].
H∗
(
Ω30SU(3);Z/(2)
)=Z/(2)[Qa2(Q2[1] ∗ [−2]): a > 0]
⊗Z/(2)[Qa1Qb3v5: a > 0, b > 0],
d2Qa+12
(
Q2[1] ∗ [−2]
)=Qa3v5.
LetG2〈3〉 be the 3-connected cover ofG2. Then we can easily get thatHi(G2〈3〉;Z/(2))=
0 for 16 i 6 7. Hence for 16 i 6 4,
Hi
(
Ω30G2;Z/(2)
)=Hi(Ω3G2〈3〉;Z/(2))= 0.
Therefore we have the non trivial differential from ι3. Since Q2[1] ∗ [−2] is the only
primitive element of that dimension,
τ (ι3)=Q2[1] ∗ [−2],
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where τ is the transgression. From the following properties: τ ◦ Qi = Qi+1 ◦ τ , we
have the differentials from Qb0Q
a
1ι3 to Q
b
1Q
a
2(Q2[1] ∗ [−2]) for a, b > 0. We have that
Q1(Q2[1] ∗ [−2])= 0 and Q3(Q2[1] ∗ [−2])= 0 in H∗(Ω30SU(3);Z/(2)) because there
are no primitive elements of these dimensions. So by above properties between the Dyer–
Lashof operations and the transgressions, we get
E∞ =Z/(2)
[
Qa1Q
b
3(v5): a > 0, b> 0
]⊗Z/(2)[(Qa1ι3)2: a > 0]
⊗Z/(2)[Qa1Qb+12 ι3: a > 0, b> 0].
Now we have
τ (Qa1ι3)=Qa2
(
Q2[1] ∗ [−2]
)
,
d2Qa+12
(
Q2[1] ∗ [−2]
)=Qa3v5,
d1Qa+11 (ι3)= (Qa1ι3)2.
In this case we have only one element in p−1∗ ((Qa1ι3)2) for each a > 0. So we still represent
it by (Qa1ι3)2 in the homology of the total space. Then by Theorem 2.2 , we get that
d1
(
(Qa1ι3)
2)=−j∗(Qa3v5)= j∗(Qa3v5).
Let ι23 be z6,Q2(ι3) be z8, and j∗(Q
a
3v5) be (Q
a
3v5). Then (Q
a
1ι3)
2 =Qa2z6. By the Nishida
relation, d1Q2z6 =Q1z6. Hence
Q3v5 = d1
(
(Q1ι3)
2)= d1(Q2z6)=Q1z6.
Similarly
Q1Q
b
2z6 =Qb+13 v5.
Hence there is a choice of generator z6 such that as an Hopf algebra
Z/(2)
[
Qa1Q
b
2z6
]=Z/(2)[Qa1Qb+13 (v5): a > 0, b > 0]
⊗Z/(2)[(Qa1ι3)2: a > 0].
So we have that
H∗
(
Ω30G2;Z/(2)
)=Z/(2)[Qa1v5: a > 0]⊗Z/(2)[Qa1Qb2z6: a > 0, b> 0]
⊗Z/(2)[Qa1Qb2z8: a > 0, b > 0].
We turn to another situation.
Theorem 2.4. Let (E,p,B;F) be a fiber space. Let yn+1 be the element in Hn+1(F ;
Z/(p)) such that diyn+1 is defined for some i > 1 and nonzero, and xn+2 in
Hn+2(B;Z/(p)) such that di+1xn+2 is defined and nonzero. Suppose that di+1xn+2
transgresses to diyn+1 and there exist an element αn+2 in Hn+2(E;Z/(p)) such that
p∗(αn+2)= xn+2. Then d1(αn+2) is defined and
d1(αn+2)=−j∗(yn+1)
with the indeterminacy {x ∈Hn+1(E;Z/(p)): p∗(x)= 0}.
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Proof. Since di+1xn+2 transgresses to diyn+1, we can choose ζn+1 inHn+1(E,F ;Z/(p))
such that p∗(ζn+1)= di+1xn+2 and ∂∗(ζn+1)= diyn+1 up to the indeterminacy. Let γn+1
be in Cn+1(F ;Z/(p)) such that [γn+1] = yn+1 and an+1 a relative (n + 1)-cycle such
that [an+1] = ζn+1. Since diyn+1 is defined, there exists an element νn ∈ Hn(F ;Z) such
that β(yn+1) = pi−1νn. Let bn ∈ Cn(F ) be such that [bn] = νn. Then diyn+1 = ([bn])p .
Consider a short exact sequence of chain complexes of the form
0→C∗(F ) ×p−→C∗(F )→C∗
(
F ;Z/(p))→ 0.
Since β([γn+1])= pi−1[bn], ∂(γn+1)= pibn in Cn(F ).
Now we consider the following short exact sequence of the chain complexes,
0→C∗
(
F ;Z/(p))→C∗(E;Z/(p))→ C∗(E,F ;Z/(p))→ 0.
Since ∂∗(ζn+1) = diyn+1 = ([bn])p, ∂(an+1) = (bn)p where we use an+1 in Cn+1(E;
Z/(p)). Then in Cn(E), ∂(an+1 + pqn+1) = bn for some qn+1 in Cn+1(E). From the
relation ∂(γn+1)= pibn, we obtain that ∂(γn+1)= ∂(pian+1 +pi+1qn+1) in Cn(E). This
means that pi+1qn+1 + pian+1 − γn+1 is a cycle in Cn+1(E).
On the other hand, since di+1xn+2 is defined and not zero, there exists an element
zn+1 ∈Hn+1(B;Z) such that β(xn+2)= pizn+1. Let un+2 ∈Cn+2(B;Z/(p)) be such that
[un+2] = xn+2 and εn+1 ∈Cn+1(B) such that [εn+1] = zn+1. Then di+1xn+2 = ([εn+1])p .
By the assumption, there exists an element αn+2, [sn+2], such that p∗([sn+2])= xn+2.
Since p∗(ζn+1) = di+1xn+2, we can let p#(an+1 + pqn+1) = εn+1. Consider the
following short exact sequences of chain complexes,
0 C∗(E)
×p
C∗(E) C∗(E;Z/(p)) 0
0 C∗(B)
×p
C∗(B) C∗(B;Z/(p)) 0
.
Then by the naturality of the connecting homomorphism β , we have that
p∗
(
β[sn+2]
)= β(p∗([sn+2]))= β[un+2] = pi [εn+1],
p∗
([pi+1qn+1 + pian+1 − γn+1])= pi [εn+1].
Note that p∗([γn+1])= 0.
So we get that β[sn+2] = [pi+1qn+1 + pian+1 − γn+1] modulo ker p∗. Hence
d1
([sn+2])=−[γn+1] = −j∗(yn+1)
with the indeterminacy {x ∈Hn+1(E;Z/(p)): p∗(x)= 0} where p∗([sn+2])= xn+2. 2
The above situation happens in the following example.
Example 2.5. We consider the Serre spectral sequence for the following fibration,
Ω3SU(4)/Sp(2)→Ω2Sp(2)→Ω2SU(4).
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Since Ω3SU(4)/Sp(2) is homeomorphic to Ω3S5, we have that
H∗
(
Ω3SU(4)/Sp(2);Z/(2))=Z/(2)[Qa1Qb2ι2: a > 0, b > 0].
From the computation of Serre spectral sequences for the following fibrations,
Ω2SU(2)→Ω2SU(3)→Ω2S5,
Ω2SU(3)→Ω2SU(4)→Ω2S7
and by the Bockstein lemma we can get the following results [4];
H∗
(
Ω2SU(4);Z/(2))
=E(Qa1x1: a > 0)⊗Z/(2)[Qa2y6: a > 0]⊗Z/(2)[Qa1x5: a > 0]
d2Qa+21 x1 =Qa2y6.
Since H∗(Sp(2);Z/(2))=E(a3, a7),we have that
H∗
(
ΩSp(2);Z/(2))=Z/(2)[c2, c6].
Comparing the possible size of the total space, it is easy to prove that there is the differential
from y6 to Q1ι2. Hence from the properties: τ ◦Qi =Qi+1 ◦ τ , we have the differentials
from Qa0Q
b
2y6 to Q
a+1
1 Q
b
2ι2 for a > 0, b > 0.
E∞ =E
(
Qa1x1: a > 0
)⊗Z/(2)[Qa2ι2: a > 0]
⊗Z/(2)[Qa1x5: a > 0].
Now we have
τ (Qa2y6)=Q1Qa2ι2,
d1Qa+12 (ι2)=Q1Qa2ι2,
d2Qa+21 x1 =Qa2y6.
In this case we have only one element in p−1∗ (Qa1x1). We still use Q
a
1x1 in the homology
of the total space. Then by Theorem 2.4, we get that
d1
(
Qa+21 x1
)= j∗(Qa+12 ι2).
Let j∗(Qa2ι2)=Qa2ι2 . By the Nishida relation, d1Qa+11 x1 = (Qa1x1)2. Hence
Qa2ι2 =
(
Qa1x1
)2
, a > 0.
Hence there is a choice of generators such that as an Hopf algebra
H∗
(
Ω2Sp(2);Z/(2))=Z/(2)[Qa1x1: a > 0]⊗Z/(2)[Qa1x5: a > 0].
Acknowledgement
I wish to thank the referee for valuable comments on the first version of the paper,
especially for pointing out a sign error in Bockstein lemma. My thanks also go to D. Tamaki
for helpful conversation.
224 Y. Choi / Topology and its Applications 106 (2000) 217–224
References
[1] W. Browder, Torsion in H -spaces, Ann. of Math. 74 (1961) 24–51.
[2] Y. Choi, Homology of the double and triple loop space of SO(n), Math. Z. 222 (1996) 59–80.
[3] R.E. Mosher, M.C. Tangora, Cohomology Operations and Applications in Homotopy Theory,
Harper & Row, 1968.
[4] D.F. Waggoner, Loop spaces and the classical unitary groups, Ph.D. Thesis, University of
Kentucky, 1985.
